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Abstract

Parallel imaging is a powerful technique to speedup Magnetic Resonance(MR) imageacquisition via multiple coils.
Both the received signal of each coil and its sensitivity map, which describes its spatial response, are neededduring
reconstruction. Widely used schemessuch as SENSE assumethat sensitivity maps of the coils are noiselesswhile the
only errors are due to a noisy signal. In practice, however sensitivity maps are subject to a wide variety of errors. At
�rst glance,sensitivity noiseappearsto result in an errors-in-variablesproblem of the kind that is typically solved using
Total Least Squares(TLS). However, existing TLS algorithms are inappropriate for the speci�c type of block structure
that arisesin parallel imaging. In this paper we take a maximum likelihood approach to the problem of parallel imaging
in the presenceof independent Gaussiansensitivity noise. This results in a quasi-quadratic objective function, which
can be e�cien tly minimized. Experimental evidencesuggestssubstantial gains over conventional SENSE, especially in
non-ideal imaging conditions like low SNR, high g-factors, large accelerationand misaligned sensitivity maps.
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I. Parallel Imaging and Sensitivity Noise

T HE use of multiple coils in MR imaging to substantially reducescan time (and thus motion
artifacts) has becomequite popular recently [1]. Theseparalel imaging techniquesare known

as SMASH [2], [3], [4]; SENSE[5], [6], [7] [8]; or GRAPPA [9], [10]. They are closelyrelated to each
other [11], [12]. Mathematically, SENSEis the exact reconstructionmethod, and will be the focuson
this work. All theseschemesusemultiple coils to reconstruct the unaliasedimagefrom under-sampled
data in Fourier space,alsoknown ask-space.Each coil alsohasa sensitivity map depicting its spatial
responseover the imaging volume. Aliased data are combined using sensitivity maps to reconstruct
a full, unaliasedimage. SENSEis a powerful method to exploit data redundancyfrom multiple coils
and is rightly considereda major breakthrough in MR imaging. It works superbly in well-behaved
situations with high SNR and low g-factors,but starts to deteriorateunder non-idealconditions. Some
of theseissueswerehighlighted in [12].

In this paper we addressa major sourceof errors in SENSE: the situation where it is di�cult to
obtain artifact-free sensitivity maps. Now sensitivity mapsare computed from an MR scan,typically
of a phantom or after division by a body coil image. As a result, they are subject to similar noise
processesthat a�ect the data. In addition, the encoding and decoding sensitivity are not identical
in practical imaging situations involving physiological motion, misalignment of coils between scans,
etc. Under modest acceleration,low g-factorsand high SNR, thesesensitivity e�ects may not appear
to greatly degradeSENSE performance,but our examplessuggestthat SENSE producesdisturbing
artifacts whentheseideal conditionsdo not hold. We proposea robust reconstructionwhich is tolerant
to unreliable sensitivity information. This may potentially open up the �eld of SENSE imaging to
situations where it could not previously be employed. In particulr, preliminary results in section V
indicate strong performanceunder many challengingconditions like low-SNR sensitivity maps,sensi-
tivit y misalignment due to coil or physiological movement, high acceleration,and in interior regions
with poor signal penetration and high g-factors.
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Univ ersity of California at San Francisco, and Ramin Zabih is also with the Cornell Computer ScienceDepartment. Address
correspondenceto: Ramin Zabih, 4130 Upson Hall, Cornell Univ ersity, Ithaca NY 14853, rdz@cs.cornell.edu.
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To someextent, the issueof poor SNR was addressedusing regularization [13], [14], [15], and the
issue of sensitivity noise using a Total Least Squares(TLS) approach [16]. This paper improves,
extendsand generalizesthe TLS work via a Maximum-Likelihood (ML) formulation. We show that
TLS makesassumptionsabout sensitivity errors which do not occur in generalMR imaging practice
exceptunder very speci�c situations. We then obtain new algorithms from basicML principles which
overcometheseproblems. The parallel imaging processhasa linear form

�y = �E�x + �n; y = Ex + n (1)

The left equation refers to k-spacequantities, and the right one image-space. Coil outputs are
denotedby �y and y, the desiredimageby �x and x, and imaging noiseby �n and n. Matrix �E contains
sensitivity and reducedencoding information. 1 A formalization of the imagingprocessis in sectionI I-
A. SENSE reconstruction assumesthat n is idependent and identically distributed (i.i.d.) Gaussian
noise. 2 SENSEtakesa least squaresapproach, which is well-known to be the maximum likelihood
estimate under i.i.d. Gaussianassumption[18, Ch. 15]. We will model the imaging processas

y = (E + �E)x + n; (2)

where�E is the noisein the systemmatrix that results from errors in the sensitivity maps(i.e., sen-
sitivit y noise). At �rst glance,this appearsto be an errors-in-variablesproblem of the kind commonly
addressedwith Total Least Squares(TLS) [19]. Indeed, several authors, such as [16], have suggested
taking a TLS approach to sensitivity error. However, TLS algorithms assumethat �E consistsof
independent elements. We will demonstratein section I I-D that this assumptionis generally invalid,
due to the speci�c structure of the systemmatrix E in parallel imaging.

We proposea maximum likelihood (ML) approach to solving Equation (2), which generalizesboth
least squares[18] and total least squares[19]. First we derive the general ML result which is ap-
plicable for arbitrary noisemodelsand samplingtra jectories,assumingonly that there is no cross-coil
interference.Using this as the foundation, we develop practical algorithms for speci�c situations.

While the generalresult is valid for any noisemodel, for practicality we usea natural model whereby
sensitivity maps are corrupted by independent (but possibly non-identically distributed) noise. This
models many actual imaging situations wheresensitivity mapssu�er from uncorrelatedbut spatially
varying noise. The resulting algorithm, which we call Maximum Likelihood SENSE or ML-SENSE,
gives strong results, even in caseswhere this noisemodel is inaccurate. We show examplesof spa-
tially correlated sensitivity noisewhich are e�ectiv ely mitigated by our method. This suggeststhat
the independent noiseassumption,while not completely adequate,is still much better than the con-
ventional assumption of zero sensitivity errors. This is not surprising - for years workers in signal
processing,radar systemsand mobile communications, for examples,have usedindependent Gaussian
models to great e�ect, even in caseswherethey are demonstrably inaccurate. Note also that SENSE
too is optimal only for i.i.d. additive Gaussiannoise,but has beenpro�tably employed in non-i.i.d.
situations.

This paper is organizedas follows. The parallel MR acquisition model is detailed in section I I for
generaland special (Cartesian) case,and our sensitivity noisemodel is introduced. In section I I I we
discussrelated TLS work, and show that they cannot generally handle sensitivity noise. Section IV
derivesour algorithm using ML principles. For more background and detailed derivations, the reader
is referred to [20, Ch. 3]. We show that with Cartesian sampling the generalsolution reducesto a
quasi-quadraticminimization problem directly in imagespace.We give experimental results on both
simulated and clinical data in sectionV.

1We will denote k-spaceobjects by �x, and image-spaceby x.
2See[17] for a study of noise in medical imaging.
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Fig. 1
Schematic description of the parallel imaging pr ocess f or the lth coil. The t ar get image X is
mul tiplied voxel-by-v oxel with the coil sensitivity Sl . After Fourier Transf orm, the dat a is in

k-space. Reduced encoding corresponds to undersampling this k-space R times, as shown here f or
the Car tesian case.

I I. MR acquisition model

In this sectionwe obtain the imaging model summarizedin (2). Scalars,vectorsand 1D objects are
denoted in lower case;matrices and 2D objects in upper case. Vectors and matrices are in boldface.
Unitary or binary scalar operations applied on vectors or matrices are implicitly element-by-elemnt.
For instance`x � y' is understood to be element-wise multiply (not the dot product which we denote
by xT y) . The notation diag(x) represents a diagonal matrix whosediagonal elements are given by
thoseof the enclosedvector x. I is the identit y matrix; boldface1 the vector of ones.Qij denotesthe
(i; j )-th element of matrix Q; qi the i th element of vector q.

A. Systemmodel

The system matrices E and �E represent a concatenationover all coils of the discretizedencoding
operator which acts on the input imagevector x and k-spacevector �x, respectively. The vector x is a
discreterepresentation of the desiredMR imageX (r), where r is the 2-D spatial index. The parallel
imaging processfor each coil l 2 f 1; : : : ; Lg can be summarizedby Figure 1, where Yl is the aliased
(folded) image seenby the l-th coil, and Sl is its sensitivity response. Let the 2-D vectors k and r
be points in k-spaceand image-spacerespectively. The raw data from individual coils in k-spaceare
�Yl (k). Then

�Yl (k) =
Z

dr e� i 2� rk Sl (r) X (r) : (3)

Following [6] the Fourier Transform above can be replaced by 2D-FT F via Dirac distributions
sampledat spatial index � :

�Yl (k) = F

"
X

�

Sl (r � )X (r � )� (r � r � )

#

(k) : (4)

This can be discretizedby imposing a Cartesian grid on both r and k. Let vectors x, sl and yl be
the lexicographically stacked versionsof the 2-D MR image X , sensitivity responsesSl , and aliased
outputs Yl respectively, sampledon the regular grid of sizeN � M . The 2D-FT now becomesthe 2-D
DFT and the resamplingover k may be accomplishedby using a generaldownsampling operator in
k-space.This processis depicted in Figure 1.

The input-output relationship of the l-th coil in Figure 1 is succinctly expressedasa matrix product

yl = Elx = DH
N � M +RDN � M Sl � X = DH

N � M +RDN � M diag(sl )x: (5)
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The k-spacedownsampling operator +R resamplesk-spaceaccording to the speci�c tra jectory used
during the scan. Here it is basically an indicator function from CN � M to CN � M , with zerosfor every
k-spacepoint not sampledby the tra jectory. The subscript R denotesthe data reduction factor, and
superscript H the Hermitian operation. The operator DN � M is 2-D DFT over grid (N � M ). The
speci�c form of +R will depend on the reduction factor and the sampling method used,but it need
not be explicitly computed. Note that for non-Cartesiantra jectoriesthe gridding step must always be
understood to be implicit in the downsamplingoperator. For instance,if we denoteby G the gridding
operator corresponding to a Kaiser-Besselkernel, then the modi�ed downsampling operator will be
given by +0

R = +RG. Henceforthwe shall assume+R incorporatesgridding, if any.

B. Systemmatrix structure under Cartesian k-space sampling

Most MR scansare done on Cartesian grids, considerablysimplifying things. The 2-D DFT re-
ducesto two 1-D DFT's acting on rows and columns. The general-purposesampling operator +R in
Equation (5) is now rede�ned as a sub-samplingoperator, equivalent to removing rows of k-space.

Writing DN � M = Dr ow
M Dcol

N as the explicit row and column 1-D DFT operations, since+R only acts
on columns,we have +RDN � M = Dr ow

M +RDcol
N . The output imageis now N

R � M , and (5) becomes

yl = (Dcol
N =R)H +RDcol

N diag(sl )x; (6)

This equation can be solved separately for each column. Further, this degeneratesinto individual
L � R aliasing equations,accordingto Theorem1.

Theorem 1: Let y(i )
l , s(i )

l , x(i ) be the i -th column of Yl , Sl , X , and (6) be denoted by yl = Elx(i ) .
Considera partitioning of thesesignalsinto R aliasing components under Cartesiansampling:

x(i ) =

2

6
4

x(i )
1

...
x(i )

R

3

7
5 ; s(i )

l =

2

6
4

s(i )
l 1
...

s(i )
l R

3

7
5 ;

whosej -th element is given by x(i )
r (j ) = x(i )( N

R (r � 1) + j ); s(i )
l r (j ) = s(i )

l ( N
R (r � 1) + j ). Then

1.

y(i )
l =

RX

r =1

s(i )
l r � x(i )

r :

2. E hasa diagonal-block structure containing L � R diagonalblocks:

E = f Er
l g

r =1 :::R
l=1 :::L

whereeach sub-block E r
l is diagonal,with E r

l = diag(s(i )
l ;r ).

Proof: Proof in Appendix-A.

Theorem 1 is pictorially depicted in Figure 2. To maintain readability, we will henceforth drop
columnsuperscript (i ). SymbolsE, x and y etc. will beusedboth for arbitrary and Cartesiansampling,
their meaning indicated by context. Now each block is diagonal according to Theorem 1, so the
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Fig. 2
Str ucture of system matrix under regular Car tesian sampling. Non-zer o elements are indica ted

with an asterisk. Par t (a) shows E (image space). As a consequence of the par titioning, image
column x(i) separa tes into R aliasing components. Par t (b) shows �E, the Fourier dual of E.

Fig. 3
Conver ting the full Car tesian pr oblem f or each column into a set of independent linear systems

of L obser vations and R unkno wns. Vector � is L � 1 and � is R � 1; matrix 	 is L � R. This pr ocess is
repea ted f or ever y set of R aliasing voxels, and then f or each image column.

interactionsarerestricted to only R aliasingvoxelsat a time. Indeed,de�ne � 2 CL ; � 2 CR ; 	 2 CL � R .
Then for each (j ; i )-th voxel in aliasedimagesyl , the SENSEproblem becomes:

Given � (l) = y(i )
l (j );

� (r ) = x(i )(mod(j ; R));

	( l ; r ) = s(i )
l (mod(j ; R));

Solve � = 	 � :

This processis pictorially depicted in Figure 3. The processin the �gure is repeated for every set of
aliasing voxels, until the entire imageis reconstructed.

C. Systemmatrix structure under arbitrary sampling

SystemmatricesE, �E have important special forms. Individual blocks E1; : : : ; EL are diagonal,and
�E1; : : : ; �EL would have had a Toeplitz structure but for row-decimation due to under-sampling, as
shown in Figure 2(b). (Recall that a Toeplitz matrix is a matrix T = f Tij g such that Tij = t j � i ,
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which is the (j � i )th element of a row vector t.) The Toeplitz-type structure results from convolution
operation in k-space. The structure of E for arbitrary sampling can be determined from (5), but is
generallyquite complicatedand tra jectory-dependent, unlike the simplediagonalCartesianstructure.

D. Our noise model

For practical implementation we will useindependent Gaussiannoisemodel for both sensitivity and
additive noise. Note that our reconstruction is complex,hencewe do not have to model Rician noise
which is necessaryfor magnitude data[17]. The lth coil sensitivity and output noiseare modeledas

Snoisy
l = Sl + N s

l

Y noisy
l = Yl + N l

whereboth N l and N s
l are independent Gaussian. Let nl and ns

l be the vectorizedrepresentations of
N l and N s

l , with variance given by Var(n l ) = � n ! l and Var(ns
l ) = � s� l , where we have introduced

normalizedvariancevectors! l and � l . De�ne for convenience
 l = diag(! l ); � l = diag(� l ). Then the
autocorrelation matrices of output and sensitivity noiseare given by

E(nlnl
H ) = � 2

n 
 l
2;

E(ns
l n

s
l
H ) = � 2

s � l
2

Clearly, the structure of 4 E must mimic that of E shown in Figure 2(a):

4 E = f4 Er
l g

r =1 :::R
l=1 :::L ;

and the sameholds for the k-spaceversions4 �E and �E. Again, each sub-block 4 Er
l is diagonal, with

entries given by the sensitivity map noiseterms N s
l . Similarly, in k-spacethe error matrix 4 �E mimics

the structure of �E as shown in Figure 2(b).
The assumptionof Gaussiannoisein spatial sensitivity measurement is quite natural. A popular way

to obtain sensitivity mapsis through an initial scanwith a uniform phantom. In this case,the e�ects of
measurement noiseclearly carry over into sensitivity maps. The e�ect of this noisecanbe exacerbated
by further processing,which might introduceits own setof registration and smoothing errors. Another
method is to divide the coil outputs by a body coil output [6]. This causessensitivity errors in regions
of low signal and where the body coil data itself is noisy. The sum-of-squarestechnique involves
using denselysampledcentral k-spaceto obtain a relative sensitivity map. Both the latter methods
involve voxel-wisedivision, which canbe reasonablyconsideredto yield non-identically distributed but
still fairly independent noise. Whenever two separatescansare usedfor sensitivity and data, certain
other small errors such asmisregistration due to motion can creepin the sensitivity map estimation.3

All these e�ects add up, making the independent Gaussianassumption a reasonableone. We will
demonstratethat in the absenceof a detailed and exhaustive error model this model su�ces.

Our noisemodel allows for non-identically distributed noise. Noisecorrelation acrosscoils can be
accomodated by pre-multiplying E with a \whitening" matrix to remove all voxel-wise correlations
amongcoils. Pre-whitening for more complicated correlations will generally destroy diagonalization,
just as it would in conventional SENSE, leading to greater computational burden. However there is
no additional burden in the non-Cartesiancasesincediagonalization is not available anyway.

I I I. Rela ted Work

Equation (2) appears to be an errors-in-variables problem of the kind traditionally solved with
TLS. Unfortunately TLS makesthe unrealistic assumptionof independent matrix elemnts. There are
variants of TLS, such as Constrained Total Least Squares,that can handle a broad classof matrix
structure, including the structures that arise in parallel imaging. However, theseapproachesrequire
the useof very generalminimization techniques,which are very ine�cien t.

3This is why we explicitly allow for the noise variance of coil output and coil sensitivit y to be di�eren t.
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A. Total Least Squares

ClassicalTLS theory [21] appliedon (2) attempts to �nd a solution that minimizesboth the additive
noisen as well as the error-in-variables4 E, as follows:

x̂T LS = argmin
x

jj [4 E j n] jj F ; subject to n + 4 Ex = y � Ex (7)

where the indicated norm is Frobenius. This formulation assumesthat the elements of 4 E are inde-
pendent (i.e., that 4 E hasno structure).

Unfortunately, TLS is ill-equipped to handlethe speci�c systemmodel described in xI I. In Cartesian
sampling 4 E has a diagonal block structure as shown in Figure 2, with o�-diagonal elements being
zero. So even if the underlying sensitivity noise processis uncorrelated, the elements of 4 E are
never independent (o�-digonal entries being identically zero). Thus, the independenceassumptionof
conventional TLS is generally violated. A similar situation occurs in k-space(1). Matrix 4 �E has a
Toeplitz-type structure shown in Figure 2(b). This results in the elements of 4 �E, being algebraically
related to each other rather than being independent.

The only instance where standard TLS can actually be used in SENSE is for direct unfolding of
aliasing voxels under Cartesiansampling. In this casethe problem decouplesinto independent L � R
subproblems. This approach was reported in [16]. Unfortunately, there is no k-spaceequivalent of
this approach; nor doesit extend to non-uniform noisemodels like thosewe employ in this paper. In
practice, it is frequently preferableto reconstructentire columnsor entire imagetogether, for instance
to exploit somea priori knowledge. Non-Cartesiandata too must be reconstructedover the entire
image. Direct application of TLS, while conceptually simple, is incompatible with thesesituations.
In contrast, the proposedapproach doesnot have theselimitations, and has the addedadvantage of
statistical optimalit y (in ML sense)under a large classof noisemodels.

B. Constrained Total Least Squares

Several generalizationsof TLS, collectively known asConstrained TLS (CTLS), have beenproposed
to handle matrix structure. 4 CTLS was proposedby [24], whosework handles linearly structured
matrices | thosematrices that can be obtained from a linear combinations of a smaller perturbation
vector. For a linearly structured matrix E, the CTLS approach works asfollows. De�ne an augmented
matrix C = [Ejy], and a perturbation in C as 4 C = [4 Ejn]. CTLS consistsof solving

min
v;x

jj vjj ; subject to (C + 4 C)
�

x
� 1

�
= 0 AND 4 C = [F1vjF2vj � � � jFN +1 v];

wherethe Fi 's are matricesthat generatethe elements of � C from v. This problem is di�cult to solve
for arbitrary E, requiring slow general-purposeconstrainedminimization techniques.

Matrices described in I I turn out to be linearly structured. However, by taking advantage of the
particular structure of the systemmatrix, wecanusemuch moree�cien t special-purposeunconstrained
minimization methods. Further details of TLS methods in MR can be found in [20, Ch. 3].

IV. The ML-SENSE Algorithm

We will derive a general sensitivity-error-tolerant reconstruction which maximizes the likelihood
function `(x) under arbitrary sampling and generalGaussiannoise. Subsequently we obtain a spe-
ci�c e�cien t algorithm called ML-SENSE, under the independent noisemodel of sectionI I-D. Under
Cartesian sampling this involvesminimizing a quasi-quadraticobjective function through an e�cien t
non-linear least squaresalgorithm.

4An earlier approach, called Structur ed TLS [22], was shown to be equivalent to CTLS in [23].
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A. Deriving the likelihood function `(x)

The likelihood `(x) given the observed data y is de�ned as Pr (yjx). Let the total noisebe g(x) =
y � Ex. Under the Gaussianassumption,this is jointly Gaussianwith zeromean. As a result we have

`(x) / exp(�
1
2

f (y � Ex)H R� 1
gjx(y � Ex)g) (8)

whereRgjx = E((g(x))(g(x)) H ) is the covariancematrix of the conditional noiseg(x)jx.
The maximum likelihood estimate,which we will denotex̂, minimizes � log`(x), and is given by

x̂ = argmin
x

(y � Ex)H R� 1
gjx(y � Ex): (9)

Under our noisemodel, Rgjx = E(nnH + (4 Ex)(4 Ex)H ), and E(nnH ) = � 2
n 
 2. We have omitted the

log(det(R� 1
gjx)) term for tractabilit y, sincethe log(�) increasesslowly comparedto the other terms and

is safelyneglected.For example,a study of Toeplitz systemsin imagerestoration [25] exhibited little
improvement after the log term was included, at substantial computational cost. Similar behaviour
was observed during our experimentation. Consequently, we drop this term henceforth.

The data-dependent covarianceE((4 Ex)(4 Ex)H ) is anL� L block matrix
�
(4 E lx)(4 El0x)H

�
l ;l 02f 1;:::;L g

with the (l ; l0)-th block given by

(4 Elx)(4 El0x)H = DH
N =R� M +RDN � M diag(x)E(4 sl4 sH

l0 )diag(x)D H
N � M +H

R DN =R� M ; (10)

which follows from:

4 Elx = DH
N =R� M +RDN � M diag(4 sl )x

= DH
N =R� M +RDN � M diag(x)4 sl :

Now E(4 sl4 sH
l0 ) = � 2

s � l ;l 0� 2
l sincewe assumecoils are decoupled,therefore

Rgjx = � 2
n

0

@
 2 + � 2

2

4
A1(x)

. . .
AL (x)

3

5

1

A ; (11)

whereA l (x) = DH
N =R� M +RDN � M diag(j� lxj2)DH

N � M +H
R DN =R� M , and � = � s=� n .

Finally, we have

R� 1
gjx =

1
� 2

n

2

4
B1(x) � 1

. . .
BL (x) � 1

3

5 ; (12)

Bl (x) = 
 2
l + � 2DH

N =R� M +RDN � M diag(j� lxj2)DH
N � M +H

R DN =R� M : (13)

Due to the block-diagonality, we can write the maximum likelihood estimate as

x̂ = argmin
x

X

l

(y l � Elx)H Bl (x) � 1(y l � Elx): (14)

Let us summarize the signi�cance of Equation (14): it provides a general recipe for performing
ML reconstruction of parallel data under the realistic assumption that noise is present in both coil
outputs as well as sensitivity maps. So far we have not speci�ed any particular model for thesenoise
processes,other than to assumethat it is Gaussianand there is no cross-coilinterference. In theory,
(14) can accomodate any noise model which has an adequatestochastic interpretation in terms of
secondorder statistics captured by 
 and �. However, Equation (14) is a non-quadraticminimization
problem requiring a large number of cost function evaluations over a solution spaceof extremely large
dimensionality. We wish to obtain practical implementations under a more speci�c and realistic noise
model discussedin sectionI I-D.
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B. Minimization StrategiesFor General Case

Introducing the independent noise model of section I I-D, 
 l and � l becomediagonal, and large
simpli�cations result. Each function evaluation of (14) for general,arbitrarily sampleddata involves
the inversionof N M � N M generallynon-sparesematrices,making direct inversionprohibitiv e. How-
ever, inversionmay be e�cien tly performed iterativ ely sincethe products B l (x)p and Bl (x)H p for an
arbirary vector p canbe computedat O(N M log(N )) costdue to the presenceof the Fourier operator.
Furthermore, Bl (x) are obviously well-conditioned due to diagonal 
 l and � l , which meansthat a
fast iterativ e algorithm like PreconditionedCG [21] can perform this inversionin relatively few steps.
Sincethe cost function may beexpressedasa data-dependent weighted leastsquaresproblem,powerful
non-linear least squaresalgorithms can be usedto solve the problem e�cien tly (see[18, Ch. 10]). The
ML estimate (14) will not only reducedrastically in complexity.

We do not further specify an implementation for the generalcasein this paper, focussinginstead
on the special but important caseof Cartesiansampling to obtain an e�cien t algorithm.

C. E�cient Algorithm For Cartesian Sampling

Recall that for Cartesiansamplingthe ML problemcanbe independently solved for each column (i ).
Further, we prove in Theorem 2 that both i.i.d. and non-i.i.d. Gaussiancasesgive diagonal B l (x(i )).
Hencethe ML problem reduceslike SENSE(Fig. 3) to N M =R subproblems,each with R variables.

Theorem 2:
For i.i.d. noise: de�ne vectors bl (x(i ))

4
= 1 + � 2

P R
r =1 jx(i )

r j2; l 2 f 1; : : : ; Lg.
Then the ML estimate (14) of column (i ) under Cartesiansampling is given by

^x(i ) = argmin
x

X

l

k(y (i )
l � s(i )

l ;r � x)k2 = bl (x) :

For non-i.i.d. noise with � and 
: The CartesianML estimate is given by

x0(i )
l

4
= � (i )

l � x(i ) ;

b0
l (x

(i ))
4
= ! l

( i ) 2
+ � 2

RX

r =1

jx0
l
(i )
r j2;

^x(i ) = argmin
x

X

l

k(y (i )
l � s(i )

l ;r � x0)k2 = b0
l (x) :

Proof: Note that the division `=' is element-by-element. Proof in Appendix-B.

Now for each aliasingvoxel (j ; i ), de�ne � ; �; 	, asbefore. Then the ML problem reducesto solving

�̂ = argmin
�

jjF (� )jj 2; F (� ) = q(� )( � � 	 � ); q(� ) = 1=
p

1 + � 2jj � jj 2: (15)

Figure 4 shows the algorithm to implement the minimization of (14) under the i.i.d. assumption,
one column at a time. Called Algorithm I, it is further speci�ed in Appendix-C. The minimization
is challenging due to the presenceof the non-quadratic term. But the non-quadraticity enters the
equation only via a well-behaved, smooth, slowly-varying function of the norm jj � jj 2. Consequently,
minimization can be achieved using a non-linear least-squaresmethod with Newton iterations [18].
This is similar to the standard least squaresmethod for solving the pseudoinverse 	 y. The only
di�erence is that the Jacobian of F is not a constant matrix any more. In Appendix-F we brie
y
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Fig. 4
ML-SENSE algorithm f or Car tesian sampling. The algorithm pr oceeeds column by column. For

each aliased voxel in each column, all intera cting terms are collected in � , � and 	 . The
resul ting L � R system is sol ved, and the elements of x are pr ogressivel y filled in.

describe the standard Newton algorithm for minimizing (15), which usesthe Jacobianto computeline
search directions iterativ ely. Fortunately the Jacobian,whoseknowledgespeedsup Newton iterations
considerably, in this caseis readily available and easily computed(seeAppendix-G):

J (� ) =
@F (� )

@�
= � q(� )f 	 + � 2q2(� )( � � 	 � )� T g: (16)

D. Extension to Non-uniform Noise

The solution of extendednoisemodel with non-i.i.d. noiseis also given by Theorem 2, as a series
of independent L � R subproblems.Let us capture the corresponding entries of ! l in the L-vector u,
and � l in R-vectorsr l similar to � and 	 before. Consequently, the minimization proceedsexactly as
before,with q(� ) now replacedby the L � L diagonalmatrix Q(� ):

�̂ = argmin
�

jjF (� )jj 2; F (� ) = Q(� )( � � 	 � ); Ql l (� ) = 1=
q

u2
l + � 2jj r l � � jj 2: (17)

The newalgorithm, Algorithm II, is further speci�ed in Appendix-D, and follows the samestructure
as shown in Figure 4 above. ML-SENSE II is slightly more challenging numerically comapred to
ML-SENSE I. But again, non-quadraticity is only on account of a slowly-varying functional of norm
jj r l � � jj 2. The Jacobianis slightly di�eren t, but still e�cien tly computable. Let � = [r2

1; � � � ; r2
L ]. Then

the new Jacobianis (seeAppendix-G)

J (� ) =
@F (� )

@�
= � Q(� )f 	 + � 2Q2(� )diag(� � 	 � )� T diag(� )g: (18)

Clearly ML-SENSE II generalizesML-SENSE I, being especially useful under systematic rather
than random sensitivity errors, for instance those causedby the division method where sensitivity
information in low signal regionsmay be unreliable. Further, sensitivity noisepropagation due to the
division step will be modulated by the overall sum-of-squares,leading to non-uniform noise.

We proposehere one method of obtaining ! l and � l , usedin our experiments with ML-SENSE II.
Local noisevariancewascomputedfor each voxel of each coil using a weighted neighbourhood around
the voxel. The weights were a monotonically decreasingfunction, in our work a quadratic, centered
at the voxel. We chosea cut-o� radius of N=20 for this neighbourhood. For our purposeswe used
unaccelerateddata to obtain theseestimates.For this reasonour method is di�cult to extend to cases
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Algorithm SENSE ML-SENSE I ML-SENSE II

ops per iteration O(2M N L) O(3M N (L + 1)) O(3M N (L + 2))

avg iterations 10 30 30

TABLE I
Summary of comput ational burden. The order of flops f ormulas are theoretical number of

mul tiplica tion opera tions per itera tion of the PCG loop. The quoted avera ge number of itera tions
are r ough estima tes obt ained empiricall y fr om a small number of trials.

whererepresentativ e unacceleratedscansare not available. More sophisticatedmethods are currently
being investigated; however, we note that in many casesaccurate estimatesof ! l and � l may not
ultimately be available. Thereforewe describe Algorithms I and II separately{ in absenceof full noise
statistics, ML-SENSE I is sub-optimal but preferable.

E. Computational Burden

The additional costof non-quadraticminimization is not signi�cantly higher than standardpseudoin-
versecomputedthrough conjugategradients, due to the easyavailabilit y of the Jacobianand its cheap
evaluation from (16) and (18). The algorithms were implemented in MATLAB versionR13. Typical
execution times for reconstructionsof size256� 256 were betweenthree to four times the execution
time in Matlab of standard SENSE. A careful order of 
ops calculation, contained in Table I, indi-
catesa roughly 50%increasein computational burden per iteration. However, ML-SENSE takesmore
iterations to convergethan SENSEsincethe former is non-quadratic.

V. Resul ts

Algorithms I and II were not considerablydi�eren t even under non-i.i.d. noise. ML-SENSE II
seemsto perform slightly better when sensitivity errors are spatially varying AND can be properly
determined;however, it is not possiblein many casesto measurethis variation accurately. Therefore
both ML-SENSE I and II are shown in examplesbelow, wherever possibleand appropriate. All results
werecomparedwith conventional SENSE,whoseimplementation details are supplied in Appendix-E.

A. Simulation results

Simulated phased-array data was obtained as follows: Sensitivity of circular coils positioned uni-
formly around the FOV were computed from the Biot-Savart Law. Coil data were computed by
encoding a fully sampledMR imagewith coil sensitivities, and down-samplingby R in the PE direc-
tion. First reconstruction using SENSE and ML-SENSE is performed on data from a Shepp-Logan
headphantom whereboth the coil data and simulated sensitivity mapsare noiseless.Shown in Figure
5, this demonstartesthat if there is no sensitivity error, all methods perform perfect reconstruction.

Next we simulation the e�ect of large Gaussiannoise added to data and sensitivity to simulate
random errors. To keep the comparison uncluttered, equal relative noise was introduced in both
sensitivity and data. The performanceof ML-SENSE I with R = 4 and L = 6 can be evaluated
visually in Figure 6. Sincethe addednoiseis uniform, ML-SENSE II results are the sameand are not
shown here. Reducedphaseencoding was along the vertical direction. The standard SENSEresult is
almost uselessin this case.The encoding matrix is badly conditioneddue to large accelerationfactor,
causingseverenoiseampli�cation. In contrast our ML-SENSE algorithm is able to salvagemoreuseful
data.

A quantitativ e comparisonis now performed for R = 4. For a given SNR (labeled \input SNR"
in Figure 7) of sensitivity and data, we determine the SNR of reconstructionsusing standard and
ML-SENSE (labeled \reconstructed SNR"). ReconstructedSNR is available from the di�erence from
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(a) (b)

(c) (d)

Fig. 5
Reconstr uction of noise-free parallel dat a simula ted fr om the Shepp-Logan phantom, with R = 4,

L = 6. (a) Original phantom image, (b) St and ard SENSE reconstr uction, (c) ML-SENSE I
reconstr uction, and (d) ML-SENSE I I. Each reconstr uction is perfect.

(a) (b)

(c) (d)

Fig. 6
Reconstr uction of noisy simula ted Shepp-Logan phantom dat a, with R = 4, L = 6. (a) SENSE with

mid-level noise, (b) ML-SENSE I, (c) SENSE with lar ge noise, (d) ML-SENSE I. Note the excessive
noise amplifica tion due to ver y high g-f actor in the middle of FOV.
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Fig. 7
The SNR perf ormance of st and ard and ML-SENSE. Both input and output SNR were obt ained fr om

a direct comparison with the original, una ccelera ted image.

the original unaliasedimage. Two setsof plots are shown for L = 5 and L = 6 respectively. Noise
performanceimproves by around 20 dB and 14 dB respectively, in the high noiseregion. The SNR
performanceof the algorithms convergesat high input SNR, as they should. ReconstructedSNR is
always lower than input SNR due to inadequateleast squaresaveraging.

B. Experiments with Sensitivity mismatch on high-resolution phantomdata

Phasedarray experiments were performedwith a high-resolution phantom (HRP) to validate ML-
SENSEunder systematicerrorslikesensitivity mismatch and insu�cien t FOV. HRP wasplacedwithin
a plastic tubearoundwhich torso coil padswerewrapped. The FOV wasslightly smallerthan required,
resulting in controlled aliasing. Sensitivity maps were obtained under the sameconditions with a
uniform spherical phantom (USP). However, in addition we have contributions from the tube. Un-
aliaseddata received by one coil and its measuredsensitivity are shown in Figure 8(a). Notice that
sensitivity hassomecontributions from the tube, of unequalintensity to USP, a kind of error normally
quite disastrousfor conventional parallel imaging. A small mis-alignment of nearly 1=10 th of FOV
was observed between sensitivity and data. While not standard, this experiment mimics the errors
expected if sensitivity mapsare mis-aligned,incorrect, or obtained by improper division with a body
coil image. We wish to seeif this 
a wed data set can be reconstructedunder grossinaccuraciesin
sensitivity quite unlike the noisemodel we assumedin this work. The reconstructionresultsareshown
in Figure 8. We alsoshow a Tikhonov-regularized[26] versionof SENSE[15], [13] to seewhether these
errors can be mitigated simply by regularizing the SENSE reconstruction. SENSE is unsatisfactory
due to mismatch and aliasing which can not be easily improved even by regularizing. SNR improves
with regularization, but at the cost of inadequateunfolding. This is expected - for large � r eg matrix
inverse corresponds to a copy of the observation, i.e. no unfolding. ML-SENSE results are more
e�ectiv e at both noise reduction and unfolding. The e�ect of sensitivity mismatch and aliasing are
visible but considerablymuted. As expected,ML-SENSE-II outperformsML-SENSE-I, but note that
ML-SENSE-I is quite e�ectiv e although sensitivity noiseis not i.i.d.

C. Parallel Brain Imaging With An 8-ElementHead Coil

Our �rst in vivo resultsareof brain imagingunder low SNR and sub-optimal coil con�guration (high
g-factor). Fully sampleddata were obtained and under-samplingwas imposedmanually. Sensitivity
wasobtained by the division method from the central 30 viewswhich weredenselysampled.We tried
to mitigate truncation artifacts as much as possibleby using a raised-cosinewindow; however, some
residual ringing was observed in sensitivity. These problems can be �xed by using more views for
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sensitivity estimation; however, doing so will reducethe e�ectiv e accelerationand negatethe purpose
of doing parallel imaging. Further degradationof sensitivity resulted from noiseampli�cation during
the division step in regionswith low signal. This exampleis a faithful reproduction of typical imaging
errors under challenging imaging conditions. We �rst show the caseof R = 2 times accelarationin
Figure 9. Although data and sensitivity maps are error-prone, the results from both SENSE and
ML-SENSE look acceptabledue to low g-factor, with ML-SENSE (c-d) showing a small improvement
over both SENSE(a) and its regularizedversion (b). Now considerthe samedata, but with R = 4,
shown in Figure 10. SENSE reconstruction in (a) now exhibits excessive noiseampli�cation due to
a combination of high R and erroneoussensitivity maps. In order to demonstratethat this problem
cannot really be addressedby regularized SENSE, (b) shows the output of a Tikhonov-regularized
SENSEalgorithm, with � r eg = 0:1, chosenafter an exhaustive L-curve analysis[13] by varying � r eg in
increments given by a geometricprogressionfrom 0 to 1. At each increment a data and a prior cost
werecomputed:

Edata = jjy � Exjj 2; Epr ior = jjxjj 2:

Figure 11 plots these values and is called the L-curve. This is zero-th order regularization since
it does not use a prior mean image [14]. In most interesting situations a prior mean image is not
available. In our experiencemeanscomputed from central k-spacedata produced severe boundary
artifacts. Even in dynamic imaging, meanpriors are useful only if the variancefrom meanis small.

While regularizedSENSE, which was previously proposedfor parallel imaging by several authors
[13], [15], [16] is lessnoisy, it has in fact failed to resolve the aliasing components properly. A smaller
� r eg, say 0.05,would have resolved the ghosting better, but with more noiseampli�cation, as implied
by the L-curve. Figure 10(c)&(d) show the ML-SENSE reconstructions,which seemto su�er neither
from excessive noiseampli�cation nor ghosting. ML-SENSE II is slightly better than ML-SENSE I as
expected. Comparing Figures9 and 10, we concludethat while under benign imaging conditions (low
R, small g-factors)sensitivity errorsmay not impact quality, at higher accelerationsand poorer matrix
conditioning properties they can seriouslydegradeconventional performance.In thesesituations, the
ML-SENSE approach appearsto perform better.

D. Imaging Experiments Under Non-Uniform Sensitivity Noise

Now we investigatethe comparative performanceof Algorithms I and II for the Shepp-Logandata
set. Sensitivity was obtained from central k-space,and additional perturbations were introducedvia
shifts in orientation and positioning between the encoding and decoding sensitivities. The resulting
sensitivity noiseis mostly negligibleexceptwithin the bright outer ring of the phantom. ML-SENSE
I is not likely to produce signi�cant improvement due to the nature of sensitivity errors in this case.
However, modeling this asspatially varying noise,reliable estimatesof 
 and � are available from the
simulation, and we expect ML-SENSE II to provide a better reconstruction. This wasfound to be the
case,as shown in Figure 12.

Next we investigatethe non-uniform sensitivity noiseresulting from mis-registration due to breath-
ing, a constant problem in torso scanning. An axial torso slice with 3x speed-upwas scannedusing
the 8-channelheadcoil described earlier. The central 30 k-spaceviewswerescanneddensely, allowing
us to obtain unaliasedlow-frequencysensitivity maps by the division method. In addition to mis-
registration, spatially variable sensitivity error was observed due to division in areasof weak signal.
ML-SENSE- I I is the appropriate method in this case. We obtained � and 
 by the local window
varianceestimation describedearlier. Resultsareshown in Figure 13(a) and (b), alongwith zoomedin
regioncontaining the stomach-heart interfacein (c) and (d). Several artifacts contaminate the SENSE
output, including lossof heart-stomach boundary de�nition, hyperintensity in heart reion, and stripe
artifact acrossthe liver. Theseartifacts are largely absent in the reconstructionusing ML-SENSE II.
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VI. Conclusions

We addressedthe problem of obtaining an optimal solution to the parallel imaging reconstruction
problem in the presenceof both measurement and sensitivity noise. We showed that for independent
Gaussiannoise the optimal solution is the minimizer of a weakly non-quadratic objective function
which may besolvede�cien tly via a non-linearleastsquaresiterativ e techniquewith modestadditional
complexity comparedto standard SENSEalgorithms. We have alsoderived simpli�ed expressionsfor
the cost function aswell asthe Jacobianof the associated leastsquaresproblemin the caseof Cartesian
k-spacesampling. A fast Newton algorithm with explicit Jacobianinformation wasdeveloped to solve
the problem. Resultsfor Cartesiank-spacesampling indicate impressive improvement in performance
comparedto standard SENSE,amounting to almost 20 dB SNR gain in several high-noisecases.The
algorithm yields substantial improvement even in caseswherethe sensitivity noiseis not independent.
Thesepreliminary resultsarepromising,especially for abdominal imaging wherelargemotion-induced
sensitivity artifacts are present. But the algorithm needto be further evaluated under various clinical
settings to assessits true clinical signi�cance.

A natural extensionto our work would be to handle non-Cartesiansampling schemes. The basic
solution for the ML estimate remainsthe same,but the non-Cartesianproblem can not bene�t from
diagonalization. E�cien t implementations for arbitrary sampling as well as for more generalnoise
modelswasbrie
y described in this paper, but detailed implementation is currently beinginvestigated.

Appendices

A. Proof of Theorem 1

Consider the 1D DFT matrix D col
N = f e

i 2�
N (kn)g; k = 0: : : N � 1; n = 0; : : : N � 1. Now the row-

decimated matrix obtained by retaining every Rth row in D col
N can be written as f e

i 2�
N (Rk0n)g; k0 =

0: : : N=R � 1; n = 0; : : : N � 1. Expanding this in terms of (N=R � N=R)-blocks, we get, for k0 =
0: : : N=R � 1; n0 = 0: : : N=R � 1

+RDcol
N = f e

i 2�
N (Rk0n0) ; e

i 2�
N (Rk0(n0+ N

R )) ; : : : ; e
i 2�
N (Rk0(n0+( R� 1) N

R )) g:

Each of theseterms evaluatesto exp(i 2�
N =R k0n0), giving us

+RDcol
N = Dcol

N =R[IN =R � � � IN =R]; (19)

Thereforey(i)
l = Elx(i) = [IN =R � � � IN =R] diag(s(i )

l )x(i) = [diag(s(i )
1 ); � � � ; diag(s(i )

R )] x(i) .
This proves part (1) and leads immediately to the partitioning El = [E1

l ; : : : ; ER
l ], with E r

l =
diag(s(i )

l ;r ). Assembling the full matrix E for all coils we get the result in part (2).

B. Proof of Theorem 2

Proof: For i.i.d. case,� = I, 
 = I. Recall that +RDN � M = Dr ow
M +RDcol

N and Dcol
N =R

H +RDcol
N =

[IN =R � � � IN =R] from Theorem1. Then we have for the column-wisematrix B l (x(i )) (seeEqn. (13)):

Bl (x(i )) = I + � 2 Dcol
N =R

H
+RDcol

N =R diag(jx(i ) j2) Dcol
N =R

H
+H

R Dcol
N =R

= I + � 2 [IN =R � � � IN =R] diag(jx(i ) j2) [IN =R � � � IN =R]T

= diag(1 + � 2
RX

r =1

jx(i )
r j2)

4
=

�
diag(bl (x(i )))

� � 1

Then the ML problem (14) for a singlecolumn becomes

^x(i ) = argmin
x

X

l

(y (i )
l � Elx)H [diag(bl (x))] � 1 (y (i )

l � Elx)
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which immediately provespart (1) of the theorem. Part (2) for non-i.i.d. casefollows analogously, this
time accounting for the diagonalmatrices � and 
.

C. ML-SENSE Algorithm For Cartesian Sampling: ML-SENSE I

� Yl = coil output of l th coil, in spatialdomain
� Sl = sensitivity mapof l th coil
� X = desiredMR imageof size(N � M )
� L = number of coils
� R = downsamplingfactor.
� f or i = 1: : : M
1. De�ne x,yl ,sl asthe i th columnof X ,Yl ,Sl , respectively.
2. f or k = 1: : : N=R
(a) De�ne a L � R matrix 	 , with 	 l ;r = sl ;(r � 1)N =R+ k . Let � = [y1;k ; : : : yL;k ]T .
(b) Solve�̂ = argmin� ( 1

1+ � 2 jj � jj 2 )jj � � 	 � jj 2

(c) x̂(r � 1)N =R+ k = �̂ r

3. i th columnof X = x̂.

D. ML-SENSE Under Non-Uniform Sensitivity And Output Noise: ML-SENSE II

� f or i = 1: : : M
1. De�ne x,yl ,sl asthe i th columnof X ,Yl ,Sl , respectively.
2. f or k = 1: : : N=R
(a) De�ne L � R matrix 	 , with 	 l ;r = sl ;(r � 1)N =R+ k .
(b) For eachl = 1; : : : ; L , de�ne R-vectors r l = � (r � 1)N =R+ k;i

l andul = ! k;i
l .

(c) De�ne L � R matrix � , with � = [r2
1; � � � ; r2

L ].
(d) De�ne � = [y1;k ; : : : yL;k ]T .
(e) Solve�̂ = argmin� jjQ(� )( � � 	 � )jj 2, with Ql l = 1p

u2
l + � 2 jj r l �� jj 2

(f ) x̂(r � 1)N =R+ k = �̂ r

3. i th columnof X = x̂.

E. SENSEand Regularized SENSEImplementation

Each L � R sub-system� = 	 � is solvedseparatelyin SENSE,then the elements of the full imageX
are �lled in from the estimatesof � . Matrix 	 is inverted through the pseudo-inversevia the popular
Conjugate Gradients algorithm described previously by many authors, e.g. [5] and [6]. Thus

�̂ = 	 y�:

Regularization: Tikhonov-regularizedSENSEwas implemented by solving the augmented system

�̂ = 	 0y� 0 ; where

� 0 =
�
� T ; 0T

� T

	 0 =
�
	 T ; � r eg IT

� T
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F. ML-SENSE Cost Minimization Routine

The minimization of Eqs. (15) and (17) proceeedsvia the well-establishedGauss-Newtonmethod
[27]. In the approximate vicinit y of the true solution, the Hessianis given by

H (� ) � J (� )T J (� ):

The Gauss-Newtonmethod computes,at each iteration k, a line search direction dk starting from
teh current solution � k which is the minimizer of the following least squaresproblem:

min
dk

jj J (� k)dk � F (� k)jj 2:

Since the Jacobian and function evaluations are explicitly available and cheaply computable via
Eqs. (15) { (18), the above is a simple least squaresproblem which was solved by conventional CG
algorithm. Finally, a one-dimensionalline search is performedfor each direction dk using the standard
method described in Section2-6 of [27].

G. Jacobian Of F (� )

Let r i , � be asde�ned in x IV-D , let the i th element of F (� ) be Fi (� ), and i th row of 	 be  T
i . Then

@Fi (� )
@�

= � Qii (� ) i +
@Qii (� )

@�
(� i +  T

i � )

Now @Q ii (� )
@� = � � 2Q3

ii (� )(r 2
i � � ). Then

Ji (� ) =
�

@Fi (� )
@�

� T

= � Qii (� )f  T
i + � 2Q2

ii (� )( � i +  T
i � )� T diag(r2

i )g

For algorithm I, r2
i = 1; Qii (� ) = q(� ), and we get

J (� ) =

2

4
J1(� )

...
JL (� )

3

5 = � q(� )f 	 + � 2q2(� )( � + 	 � )� T g:

For algorithm II we needto stack rows J i (� ) more carefully. It is easily veri�ed that

J (� ) = � Q(� )f 	 + � 2Q2(� )diag(� � 	 � )� T diag(� )g:
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Fig. 8
Reconstr uction resul ts of HiRes dat a, with R = 3, L = 4: (a) shows (unaliased) output of the HiRes
phantom within the plastic tube, as seen by one of the coils, and (b) shows the corresponding coil
sensitivity map obt ained fr om a unif orm phantom using identical geometrical setups f or both the
SENSE and the calibra tion scan. (c) St and ard SENSE, (d) St and ard SENSE with regulariza tion

f actor of 0:05, (e) ML-SENSE-I, and (f) ML-SENSE-I I. Both ML-SENSE algorithms exhibit superior
perf ormance compared to conventional methods.
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Fig. 9
Brain reconstr uction resul ts with R = 2, L = 8: (a) SENSE, (b) SENSE regularized with best

parameter fr om Fig. 11. (c) ML-SENSE-I, and (d) ML-SENSE-I I. All algorithms appear similar.

(a) (b)

(c) (d)

Fig. 10
Brain reconstr uction with R = 4, L = 8: (a) SENSE, (b) regularized SESNE, (c) ML-SENSE-I, and (d)

ML-SENSE-I I. Higher accelera tion has caused serious ar tif acts in conventional methods.
ML-SENSE I I seems to better suppress residual aliasing arising fr om the hyper-intense f at signal.
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Fig. 11
L-cur ve f or brain dat a obt ained by var ying � r eg in increments of a geometric pr ogression fr om 0 to

1. This is a plot of the prior cost versus dat a cost. The best value, given by the L-cur ve elbo w,
was ar ound � r eg = 0:1. This was used to regularize SENSE in Figure 10.

(a) (b) (c)

Fig. 12
Reconstr uction of Shepp-Logan phantom, with R = 2, L = 4 using sensitivity maps obt ained fr om
central (15� 15) region of k-space and division by sum of squares. Sensitivity was per turbed by

small shifts in orient ation and positioning. (a), (b), (c) are SENSE, ML-SENSE I and ML-SENSE I I
respectivel y. Note the absence of the aliasing ring, pointed out by the arr ows, in (c).
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Fig. 13
Reconstr uction resul ts of torso scan, R = 3, L = 8 : (a) St and ard SENSE with regulariza tion, (b)

ML-SENSE I I, (c) Zooming into (a), and (d) Zooming into (b). Note the distor tions at the
hear t-stoma ch bound ar y and strip ar tif act acr oss the liver in SENSE output.


