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Abstract

In the classical secretary problem, a set .S of numbers is presented to
an online algorithm in random order. At any time the algorithm may
stop and choose the current element, and the goal is to maximize the
probability of choosing the largest element in the set. We study a
variation in which the algorithm is allowed to choose k elements,
and the goal is to maximize their sum. We present an algorithm
whose competitive ratio is 1 —O(+/1/k). To our knowledge, this is
the first algorithm whose competitive ratio approaches 1 as k — oo.
As an application we solve an open problem in the theory of online
auction mechanisms.

1 Introduction

Consider the following game between two parties, Alice and
Bob. Alice writes down a set S consisting of n non-negative
real numbers. Bob knows the value of n but otherwise has
no information about S. The elements of S are revealed to
Bob one by one, in random order. After each element is
revealed, he may decide whether to select it or discard it.
Bob is allowed up to & selections, and seeks to maximize
their sum. If k = 1, then Bob may use the classical secretary
algorithm: observe the first |n/e] elements and note their
maximum, then select the next element which exceeds this
value if such an element appears. As is well known, this
algorithm succeeds in selecting the maximum element of S
with probability tending to 1/e as n — oo; therefore, its
competitive ratio tends to 1/e. For general &, what is the
optimum competitive ratio? Does it approach 1 as &k — oo
or remain bounded away from 1? Here, we answer this
question by presenting an algorithm whose competitive ratio
is1 — O(y/1/k). (In fact, we have also derived a matching
lower bound demonstrating that the competitive ratio of any
algorithmis 1—Q(4/1/k). The lower bound is omitted from
this paper for space reasons.)

This algorithm contributes to a rich body of work on
secretary problems and related topics, beginning in the
1960’s [2, 4] with the determination of the optimal stop-
ping rule for the best-choice or “secretary” problem, i.e. the
problem of stopping at the maximum element of a randomly-
ordered sequence. In a long history of extensions and gener-
alizations of this result, several “multiple choice secretary
problems” — in which the algorithm is allowed to select
k > 1 items, as in this paper — have been studied. In many
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of these problems, the algorithm’s performance is judged ac-
cording to a criterion which depends only on the ranks of the
selected items and not their numerical values. For example,
one may seek to select & items so as to maximize the proba-
bility that one of them is the best among all n items [3, 4], or
to maximize the probability that the &£ chosen items are the
k best ones [3], or to minimize the expected sum of the z-th
powers of the ranks of the chosen items [1]. Another body of
work (e.g. [4, 7, 10]) has considered multiple choice secre-
tary problems in which the elements are real-valued samples
from some probability distribution which is known to the al-
gorithm. (The so-called “full information” case.) Such prob-
lems are also known as house-selling problems (e.g. [6, 9]),
and generalizations have appeared under the name “dynamic
and stochastic knapsack problems” [8]. Our problem com-
bines aspects of both of these strands of research, in that the
objective (maximizing the expected sum of the chosen items)
depends not on the ranks of the items but on their numerical
values, but the algorithm has no information about the distri-
bution of these values other than the fact that it is invariant
under permutations. To our knowledge, no algorithm exist-
ing in the literature attains a competitive ratio of 1 — o(1) for
this problem without having knowledge of the distribution
from which the values were sampled.

Apart from its appeal as a natural problem in optimal
stopping theory, this question is motivated by an open prob-
lem from the theory of online auctions, i.e. auctions in which
agents arrive and depart over time. Recent work by Haji-
aghayi, Kleinberg, and Parkes [5] demonstrated a relation
between online mechanism design and optimal stopping al-
gorithms such as the secretary algorithm. They indicated a
method for transforming certain online stopping rules into
mechanisms which are temporally strategyproof, in the sense
that a dominant strategy for each agent is to truthfully re-
veal its arrival and departure times as well as its valuation
information. Thus, for example, the classical secretary algo-
rithm leads to a temporally strategyproof (henceforth, simply
“strategyproof”) online single-item auction which is (1/e)-
competitive with the efficiency of the optimal allocation, as-
suming that the agents arrive in random order but that they
may have arbitrarily overlapping arrival and departure inter-
vals. Using a similar technique, [5] obtains a strategyproof
constant-competitive online auction mechanism for & > 1
identical items. The competitive ratio of this mechanism is
bounded below by 1/48 and above by 2/3, leaving open the
question of whether there exist mechanisms whose compet-
itive ratio approaches 1 as £ — oo. Herein, we answer this
question affirmatively.



2 Algorithm

The algorithm is defined recursively as follows. If £ = 1 then
we use the classical secretary algorithm: observe the first
|n/e] elements, then select the next element which exceeds
all prior observations, if such an element occurs. If & > 1
then let m be arandom sample from the binomial distribution
B(n,1/2) (i.e. the distribution of the number of heads in n
tosses of a fair coin). Recursively apply the algorithm to
select up to £ = | k/2| elements among the first m samples.
Lety1 > yo > ... > y,, be the first m samples, ordered
from largest to smallest. After the m-th sample, select every
element which exceeds ¥, until we have selected & items or
have seen all elements of S.

THEOREM 2.1. Let S be any set of n non-negative real
numbers, and let v be the sum of the k largest elements of S.
The expected value of the elements selected by the algorithm

is at least (1 — 5/Vk)v.

Proof sketch. Let T C S denote the k largest elements of S.
Define the modified value of an element z € S to be equal
to its value if x € T and zero otherwise; the modified value
of a set is the sum of the modified values of its elements. We
will prove that the expected modified value of the elements
selected by the algorithm is at least (1 — 5/+/k)v. The proof
is by induction on k, paralleling the recursive structure of the

algorithm.
Lety; > yo > ... > y,, be the first m samples, and let
z1 > 29 > ... > zp_m, be the remaining samples; denote

these sets by Y and Z respectively. Since m has distribution
B(n,1/2), it follows that Y is a sample from the uniform
distribution on all 2™ subsets of S. In particular, Y N'T
is a uniform random subset of 7". This has the following
consequences. First, the random variable |Y" N T'| has the
distribution B(k,1/2). Second, conditional on the event
|Y N'T| = r, the expected modified value of Y is (r/k)v.
Third, the expected modified value of the top ¢ = k/2
elements of Y is bounded below by
(553
2Vk/ 2

The elements selected from Y have expected modified value
atleast (1—5/+/k/ 1—1/2vVk)-(v/2), by the induction
hypothe5|s

Now we turn to estimating the modified value of the el-
ements selected from Z. We first examine the random vari-
able ¢ which counts the number of elements of Z exceeding
ye. Let ¢; be the number of elements of Z whose value lies
between y; and y; 1. The g; are stochastically dominated by
i.i.d. geometrically distributed random variables each hav-
ing mean 1 and variance 2. Thus their sum ¢ = Zle qi
satisfies E (J¢ — ¢|) < Vk. Letr = |¢ — £|. An easy ar-
gument shows that the expected modified value of the ele-
ments of Z selected by the algorithm, conditional on r, is at
least (1/2 — r/k)v. Removing the conditioning on r and

recalling that E(r) < vk, we find that the algorithm se-

k
ZPr(|Y NT|=r)- (min(r,£)/k)v >

r=1

lects a subset of Z whose expected modified value is at least
(1/2 = /1/k)v.

Combining the estimates from the preceding two para-
graphs, an easy computation verifies that the expected modi-
fied value of all elements selected by the algorithm is greater
than (1 — 5/v/k)v, confirming the induction step.

3 Strategyproof mechanism

The algorithm presented above may be transformed into a
strategyproof mechanism using a straightforward application
of the ideas in [5]. The mechanism is specified as follows.
For & = 1 we use the single-item online auction of [5].
For k > 1, we put £ = |k/2] and choose a random
transition time m as above. We recursively use the /-item
auction mechanism up until the arrival time of the m-th
bidder. At that time, we set a threshold price equal to
the (¢ + 1)-th highest bid yet seen, and allocate items to
any bidders present in the system whose bid exceeds the
threshold price, breaking ties in favor of earlier arrivals, but
stopping when the total number of items sold reaches ¢. At
that point the threshold is raised to the ¢-th highest bid yet
seen, and subsequently items are allocated to any agents
whose bid exceeds this price (including those who arrived
before the transition time) until the supply of k items is
exhausted. Agents who received an allocation are granted
their item at the time of their departure, and their payment
is the minimum of the threshold prices during the time they
were present in the market. The proof of strategyproofness
is based on Lemma 2 from [5] and closely resembles the

proofs in that paper. The competitive ratio of 1 — O(4/1/k)
is established using Theorem 2.1, along with an upper bound
on the number of agents who are allocated an item at a
transition time after their arrival.
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